We consider a thin heterogeneous layer consisted of the thin beams (of radius r) and we study the limit behavior of this problem as the periodicity ε, the thickness δ and the radius r of the beams tend to zero. The decomposition of the displacement field in the beams developed in [1] is used, which allows to obtain a priori estimates. Two types of the unfolding operators are introduced to deal with the different parts of the decomposition. In conclusion we obtain the limit problem together with the transmission conditions across the interface.
2 The statement of the problem
Geometry
In the Euclidean space R 2 let ω be a connected domain with Lipschitz boundary and let L > 0 be a fixed real number. Define the reference domains:
Moreover, Ω (see Figure 1b) is defined by
For the domains corresponding to the structure with the layer of thickness δ introduce the following notations: Ω
In order to describe the configuration of the layer, for any (d, r) ∈ (0, +∞) 2 we define the rod B r,d by
where D r = D(O, r) is the disc of center O and radius r.
The set of rods is Ω i r,ε,δ = i∈ Ξε×{0}
where
Moreover, we set:
The physical reference configuration (see Figure 1a ) is defined by Ω r,ε,δ :
Ω r,ε,δ = interior Ω − ∪ Ω i r,ε,δ ∪ Ω
The structure is fixed on a part Γ with non null measure of the boundary ∂Ω − \ Σ.
We make the following assumptions: r < ε 2 , r δ ≤ C. (2.6) Here, the first assumption (2.6) 1 is a non penetration condition for the beams while with the second one, we want to eliminate the case δ r → 0 which needs the use of tools for plates (see [1] ).
Strong formulation
Choose an isotropic material with Lamé constants λ m , µ m for the beams and another isotropic material with Lamé constants λ b , µ b for Ω − and Ω + δ . Then we have the following values for the Poisson's coefficient of the material and Young's modulus:
The symmetric deformation field is defined by (∇u) S = ∇u + ∇ T u
2
. We consider the standard linear equations of elasticity in Ω r,ε,δ . The unknown displacement u r,ε,δ : Ω r,ε,δ → R 3 satisfies the following problem:
   ∇ · σ r,ε,δ = −f r,ε,δ in Ω r,ε,δ , u r,ε,δ = 0 on Γ, σ r,ε,δ · ν = 0 on ∂Ω r,ε,δ \ Γ.
(2.7)
Weak formulation
If V r,ε,δ denotes the space V r,ε,δ = v ∈ H 1 (Ω r,ε,δ , R 3 ) | v = 0 on Γ , the variational formulation of (2.7) is
Find u r,ε,δ ∈ V r,ε,δ , Ω r,ε,δ σ r,ε,δ : (∇ϕ) S dx = Ω r,ε,δ f r,ε,δ · ϕdx, ∀ϕ ∈ V r,ε,δ .
(2.8)
Throughout the paper and for any v ∈ V r,ε,δ we denote by We equip the space V r,ε,δ with the following norm:
It follows from the 3D-Korn inequality for domain Ω − :
3 Decomposition of the displacements in Ω i r,ε,δ
Displacement of a single beam. Preliminary estimates
To obtain a priori estimates on u r,ε,δ and (∇u r,ε,δ ) S we will need Korn's inequalities for this type of domain. However, for a multi-structure like this, it is not convenient to estimate the constant in a Korn's type inequality, because the order of each component of the displacement field may be very different. To overcome this difficulty, we will use a decomposition for the displacements of beams. A displacement of the beam B r,d is decomposed as the sum of three fields, the first one stands for the displacement of the center line, the second stands for the rotations of the cross sections and the last one is the warping, it takes into account the deformations of the cross sections.
We recall the definition of the elementary displacement from [1] .
, is given by
We writeū
3)
The displacementū is the warping. Note that
The following theorem is proved in [1] .
; R 3 ) and u = U e +ū the decomposition of u given by (3.1)-(3.3). There exists a constant C independent of d and r such that the following estimates hold:
We set
Lemma 3.1. Let u be in H 1 (V r,ε,δ , R 3 ) and u = U e +ū the decomposition of the restriction of u to the rod B r,ε given by (3.1)-(3.3). There exists a constant C independent of δ, ε and r such that the following estimates hold:
Proof. Applying the 2D-Poincaré-Wirtinger's inequality we obtain the following estimate:
The constant does not depend on r and ε.
Step 1. Estimate of R(0).
Recalling the definition of R from (3.2) and since
By Cauchy's inequality
Integrating with respect to x 3 gives
Using (3.7) we can write
The derivative of R 1 is equal to
e. x 3 ∈ (−ε, 0). Then proceeding as above we obtain for a.e. x 3 ∈ (−ε, 0)
We recall the following classical estimates for φ ∈ H 1 (−a, 0) (a > 0)
Due to (3.8)-(3.9), (3.10) 1 with a = r and since ε > r that gives for R 1 (0)
The estimates for R 2 (0), R 3 (0) are obtained in the same way. Hence we get (3.6) 1 .
Step 2. Estimate of R L 2 (0,δ) .
The Poincaré's inequality leads to
From (3.5) 3 , (3.10) 2 and (3.6) 1 we get
Hence (3.6) 2 is proved.
Step 3. Estimate of U − U(0). Applying inequality (3.5) 4 from Theorem 3.1 the following estimates on U hold:
Combining (3.12) 2 with (3.11) gives
Taking into account the assumption (2.6) 2 , we obtain (3.6) 3 . Then by (3.6) 3 , (3.12) 1 and the Poincaré's inequality (3.6) 4 , (3.6) 5 follow.
Step 4. We prove the estimates (3.6) 6 -(3.6) 7 .
By Korn inequality there exists rigid displacement r
Besides by Poincaré-Wirtinger inequality we have
14)
The Sobolev embedding theorems give (V = Y × (−1, 0))
By a change of variables we obtain
Therefore, (3.13) and the above inequality lead to
estimate (3.15) and the Hölder inequality we get
As a first consequence, we obtain
From the Cauchy-Schwarz inequality and taking into account (3.14), we derive
Using (3.16) and (3.18) we have
Estimates (3.10) and (3.14) yield
Combining (3.19), (3.20) gives
and from (3.17) and again (3.20) we obtain
Hence we get (3.6) 6 -(3.6) 7 .
A priori estimates
In this section all the constants do not depend on ε, δ and r. We denote x = (x 1 , x 2 ) the running point of R 2 .
Decomposition of the displacements in
We decompose the displacement u ∈ V r,ε,δ in each beam εi + B r,δ , i ∈ Ξ ε × {0} as in the Definition 3.1.
The components of the elementary displacement are denoted U ξ , R ξ , where ξ = x ε Y . Now we define the fields U, R and ū for a.e. x ∈ B r,δ , s ∈ ω by
Moreover,
As a consequence of the Theorem 3.1 and Lemma 3.1 we get Lemma 4.1. Let u be in V r,ε,δ . The following estimates hold:
Proof. Estimates (4.1) 1 -(4.1) 6 follow directly from (2.10), (3.5) 3 , (3.5) 4 and (3.6) 2 -(3.6) 3 and estimates (4.2) 1 -(4.2) 4 are the consequences of the estimates in Lemma 3.1 and (2.10).
Estimates of the interface traces
Lemma 4.2. There exists a constant C independent of ε, δ, r such that for any u ∈ V r,ε,δ
Proof. Using (3.6) 6 -(3.6) 7 and then summing over all cells give (4.3). In the same way the estimates (4.4) are derived.
Applying (4.1) 2 we write
From (4.1) 6 we have
Using (4.8) and the above estimates we obtain (4.5), (4.6).
Estimates of the displacements in
There exists a constant C which does not depend on ε, r and δ, such that for any u ∈ V r,ε,δ
where α = 1, 2.
Proof. From the Korn's inequality and the trace theorem we derive
We know that there exists a rigid displacement r
(4.12)
The constant does not depend on δ. Then, we get
from (4.5), (4.6) we obtain
Combining this with (4.13) gives
(4.16) Therefore,
These estimates together with (4.12) allow to obtain estimates on u 1 , u 2 , u 3 . From this we have
Therefore, for ε small enough the following hold true:
Inserting that in (4.17) we derive (4.9)-(4.10).
As a consequence of Lemma 4.3, the estimates (4.5), (4.6) can be replaced by
4.4 Estimates for the set of beams Ω i r,ε,δ Lemma 4.4. There exists a constant C which does not depend on ε, r and δ, such that for any u ∈ V r,ε,δ
Proof. From the estimates in Theorem 3.1, (3.6) 2 and (3.6) 3 and after summation over all the beams, we get (we make use of the assumption (2.
From (4.3) and (4.11) 1 , it follows that
Using (3.5) 4 , (3.6) 3 , (3.10), we obtain
Then (3.6) 2 , (4.22) and (4.23) give
From the last inequalities we derive (4.20) 2 and (4.20) 3 .
The limit cases
In view of the conditions (2.6) and the estimates in Lemma 4.3, and in order that the lower and upper parts of our structure match, we must assume that From now on, the parameters r, δ and ε are linked in this way
The above assumption (4.24) yields 2 + 3η 1 − 4η 0 ≥ 0.
Hence, the couple (η 0 , η 1 ) belongs to the triangle whose vertexes are
The case
r 4 = 0 could be very easily analysed. Using the estimates (4.18)-(4.19), in this case we can prove that, the limit displacements on both parts coincide on the interface; hence the limit displacement belongs to
and it is the solution of an elasticity system. Therefore, the most interesting cases correspond to lim ε→0 ε 2 δ 3 r 4 > 0; this is the critical situation
We obtain the edge of the triangle with the vertexes (2/3, 1) and (2, 2). We eliminate the case η 0 = η 1 = 2 to deal with small beams in the layer.
For the sake of simplicity, from now on we will use the following notations:
• Ω ε instead of Ω r,ε,δ ,
With assumption (4.24) we can rewrite some estimates obtained above. For any u ∈ V r,ε,δ we have
The constants do not depend on ε, r and δ.
Force assumptions
To obtain estimates on u ε we test (2.8) with ϕ = u ε . We have
We consider the following assumption on the applied forces:
Making use of the estimates (2.10), (4.26), (4.27) together with inequality (4.28) yield
The constant does not depend of r, ε and δ.
As mention above, from now on, we only consider the cases (i) and (ii) introduced in Section 4.5.
The periodic unfolding operators
Definition 5.1. For ϕ Lebesgue-measurable function on ω × (0, δ), the unfolding operator T ε is defined as follows:
Definition 5.2. For ϕ Lebesgue-measurable function on ω × B r,δ , the unfolding operator T ε is defined as follows:
Observe that if ϕ is a Lebesgue-measurable function on ω × (0, δ) then T ε (ϕ) = T ε (ϕ).
Lemma 5.1. (Properties of the operators T ε , T ε )
Let u be in L 2 (ω, H 1 (B r,δ ))., a.e. in ω × B 1 we have
Proof. Properties 1-3 are obtained similarly as in the proof of Lemma 5.1 of [3] . Property 4 is the direct consequence chain rule formulae:
The limit fields (Cases (i) and (ii))
From now on, (u ε ) α will be denoted as u ε,α ; the same notation will be used for the fields with values in R 2 or R 3 .
From Lemmas 4.1 and 5.1 we obtain the following result.
Lemma 5.2. There exists a constant C independent of ε, δ and r such that
Further we extend function u ε defined on the domain Ω + ε by reflection to the domain ω × (δ, L + δ). The new function is denoted u ε as before.
Proposition 5.1. There exist a subsequence of {ε}, still denoted by {ε}, and u
R(x , 0) = R(x , 1) = 0, for a.e. x ∈ ω, (5.10) 
Then (5.10) yields (5.16). Equations (5.13) are the consequences of ∂ U 3 ∂X 3 = 0 and the estimates (4.3), (4.4).
Again due to (4.3), (4.4), we obtain
From Lemma 5.2 we have T ε ( ū ε ) L 2 (ω,H 1 (B1)) ≤ C r δ from which and (5.18) we deduce (5.19).
The strain tensor of the displacement u ε is
As an immediate consequence of Proposition 5.1, we have
where X is defined by
(5.21)
6 The limit problem
The equations for the domain Ω i ε
Denote by Θ the weak limit of the unfolded stress tensor δ
Proceeding exactly as in Section 6.1 of [3] and Section 8.1 of [4] , we first derive ū and this gives
Similarly, the same computations as in Section 6.1 of [3] lead to ū 3 = 0. As a consequence of Lemma 5.3 we obtain Θ 11 = Θ 22 = Θ 12 = 0,
Furthermore R 3 = 0 and there exists a ∈ L 2 (ω) such that
Proof.
Step 1. We obtain the limit equations in Ω i ε .
We will use the following test function:
where ψ ∈ C ∞ c (ω), ϕ 3 and ϕ 4 ∈ H 1 0 (0, 1), ϕ 1 and ϕ 2 ∈ H 2 0 (0, 1). Computation of the symmetric strain tensor gives
. . . 0 1 2
Unfolding the integral over Ω i ε yields
In the same way for the integral involving the forces we get
Passing to the limit gives
We can localize the above equation. Hence
The density of the tensor product 
Step 2. We obtain R 3 , U 3 . Since ϕ 3 ∈ H 1 0 (0, 1) is not in the right-hand side of the equation (6.4) we obtain
Moreover, we have U 3 (x , 0) = 0 for a.e. x ∈ ω. Therefore, there exists a ∈ L 2 (ω) such that
Similarly, recalling that ϕ 4 ∈ H 1 0 (0, 1) and taking ϕ 1 = ϕ 2 = ϕ 3 = 0 in (6.4) lead to 
The equations for the macroscopic domain
such that χ(y) = 1 in D 1 (the disc centered in O = (0, 0) and radius 1).
From now on we only consider the case (ii).
Determination of U 3
Lemma 6.1. The function a introduced in Proposition 6.1 is equal to 0 and
Proof. For any ψ 3 ∈ C 1 (ω × [0, 1]) satisfying ψ 3 (x , 0) = 0 for every x ∈ ω, we consider the following test function:
If r ε is small enough, v ε is an admissible test function. The symmetric strain tensor in Ω i ε is given by
Elements of the symmetric strain tensor in Ω + ε are written as follows:
By Lemma 9.1 (see Appendix) and taking into account r δ → 0, the following convergences hold:
Using v ε as a test function in (2.8) and passing to the limit in the unfolded formulation give
Hence a = 0. Since the test functions are dense in
we obtain
As a consequence of the above Lemma and Proposition 6.1 one gets
(6.8)
Determination of u
± α and u 3 Theorem 6.1. The variational formulation of the limit problem for (2.8) is
The case (i)
We introduce the classical unfolding operator.
Definition 6.1. For ϕ Lebesgue-measurable function on ω, the unfolding operator T ε is defined as follows:
Recall that (see [7] ) Lemma 6.2. Let φ be in W 1,∞ (ω) and φ ε defined by
Then we have
Theorem 6.2. The variational formulation for the problem (2.8) in the case (i)
(6.12)
Step 1. Pass to the limit in the weak formulation. To (5.7) and (5.8) we add Unfolding and passing to the limit as in the Subsection 6.2.1 we obtain that a = 0.
Since σ ± and (∇v) S do not depend on y and due to the periodicity of the fields v and u ± , the above equality reads
Step 3. To determine σ we first take v = 0. We obtain
Since the right-hand side does not contain v,
which corresponds to the strong formulation
for i = 1, 2, 3. Therefore, σ ± = 0, and (6.18) is rewritten as
Since the space 1) ), the above equality holds for every v in V and every
Finally, integrating over D 1 and due to (6.8) we obtain the result.
Summarize

Strong formulation
Strong formulations are the same for the cases (i) and (ii). We will use the following notation.
Notation 7.1. The convolution of the functions K and F is
Let {ε} be a sequence of positive real numbers which tends to 0. Let (u ε , σ ε ) be the solution of (2.8) and U ε and R ε be the two first terms of the decomposition of u ε in Ω i ε . Let f satisfy assumptions (4.29). Then the limit problems for the cases (i), (ii) can be written as follows.
Bending problem in the beams:
2 is the unique solution of the problem
a.e. in ω × (0, 1),
is the unique weak solution of the problem
together with the boundary conditions
and the transmission conditions
(7.4) 7.1.1 Derivation of the 3D problem Lemma 7.1. The weak formulation of the limit problem can be rewritten as
Observe that a function Hence for any function ψ ∈ H 2 0 (0, 1) we have 1) ) the solution of the following problem:
Using Green's function we can write U α in the following way:
where ξ α is the solution of the equation
Solving the above equation we obtain
where H is the Heaviside function. The function U α is uniquely decomposed as a function belonging to
Step 2. Taking into account decomposition (7.6) and using as a test function
in (6.9) we obtain
Making use of the solutions for U α and U α we can write
Using the notation for convolution and the expression for
we get the result.
From variational formulation (7.5) the final strong formulation is obtained. The left hand side of (7.11) is E(u ε ) = The second term of the right hand side of the above equation is transformed using the identity (7.10)
Convergences
ω×B1
T ε (σ ε ) : T ε (∇u ε ) S dx dX dx dX 3 . (7.14)
Step 2. As immediate consequence of the above convergence (7.14) we have
(7.15)
Hence
The constant does not depend on ε and r. Combining the above estimates for ξ ∈ Ξ ε , that gives
2)
The constant does not depend on r and ε. Hence, estimates (9.1) and (9.2) imply that φ ε strongly converges toward φ in W 1,p (ω).
Simulation results
In this section solutions u r,ε,δ of the equation (2.7) are compared with the solution u of (7.2)-(7.4) for the case n = 2. The solutions u r,ε,δ are computed numerically for different r, ε, δ with the commercial finite element software COMSOL Multiphysics. The relation between the parameters is chosen in a following way r = ε 3/2 , δ = ε 4/3 , what corresponds to the Case (ii) with η 0 = 1.5, κ 0 = κ 1 = 1. Comparison between sequence of the solutions u ε and u is done for jumps in displacement and stress. Components of the jumps are computed for different ε and it is shown that the following norms tend to 0 as ε tends to 0: The stiffness coefficients and applied force are chosen as follows E = 2 · 10 11 , ν = 0.3, f ε = (10 3 , 10 3 ).
The equivalent von Mises stresses for macro-and (local) micro-problems are presented in Fig. 2 . Fig. 2 (a) provides the solution of the equation (7.2)-(7.4) in macroscopic blocks and jumps in the equivalent von Mises stresses across the interface can be observed. Fig. 2 (b) shows the local ε-solution in the layer for ε = 0.004.
Comparison results for chosen ε are gathered in the Table 1 . 
